A simple construction of virtually free Abelian triangles of finite groups  by Brown, Paul R.
Topology and its Applications 110 (2001) 25–28
A simple construction of virtually free Abelian triangles
of finite groups
Paul R. Brown
Department of Mathematics, Statistics, and Computer Science, University of Illinois at Chicago,
851 S. Morgan, Chicago, IL 60607, USA
Received 9 February 1998; received in revised form 13 July 1998
Abstract
A virtually torsion free, non-positively curved polygon of finite groups has virtual cohomological
dimension two. In this paper, the assumption of non-positive curvature is dropped, and a simple
construction is used to obtain a triangle of finite groups which is virtually Zk,2 < k <∞. Ó 2001
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1. Introduction
A triangular amalgam or triangle of groups is the colimit of a commutative diagram of
proper injections of groups of the form
G
A C
F
H B K
By commutativity of the diagram and injectivity of the morphisms,
A∩B = B ∩C = C ∩A= F,
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up to abuse of notation. Gersten and Stallings [3] defined the algebraic angle 6 (G;A,B)
between subgroups A,B < G to be 2pi divided by the length of the shortest word in the
kernel of
A ∗
A∩B B→G.
The angle is defined to be zero if the kernel is empty. A triangle of groups is developable
if the diagram embeds in the lattice of subgroups of the colimit and non-positively curved
if the sum of the algebraic angles at the corners of the diagram is no larger than pi .
A developable triangle of groups, as in the diagram above, acts simplicially on its
developing complex, the simplicial 2-complex in which the vertices are the cosets ofG,H ,
andK , and the incidence relation is non-empty intersection; the action is by multiplication
of the coset labels. Conversely, if X is a simplicial 2-complex and G acts non-inversively
(i.e., cell-wise and point-wise stabilizers are equal) and transitively on the 2-simplices, then
G has the structure of a triangle of groups; it is clear that such a G is developable.
Gersten and Stallings [3] showed that every non-positively curved triangle of groups
is developable and has a contractible developing complex. It follows directly that a
virtually torsion free, non-positively curved triangle of groups is of virtual cohomological
dimension two. If the triangle is not non-positively curved, however, Theorem 3 shows
that it is possible for the group to be of arbitrary virtual cohomological dimension. (It
is also possible for a positively curved triangle of finite groups to have infinite virtual
cohomological dimension; see [1].)
2. The motivating example
The following example, initially discovered by accident, inspired the general construc-
tion. Present the dihedral group of order four,D4, as
D4 =
〈
p,q : p2, q2, (pq)2〉.
The symmetric group on four symbols, S4, is a semi-direct product of S3 acting on D4,
giving the presentation
S4 =
〈
a, b, c, d : a2, b2, c2, d2, [a, b], (cd)3, dbdba, cacb〉.
Construct the following triangle of groups, where each possibly ambiguous edge is labeled
with the destination of a (fixed) generator of the source group.
D4
FA3 = Z2
d
Z2
d{1}
S4 Z4ac ac S4
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A presentation for FA3 is〈 a1, b1, c1, d1, a21, b21, c21, d21 , (a1c1)4, (c1d1)3, d1a1d1b1a1, c1a1c1b1,
a2, b2, c2, d2, : a22, b22, c22, d22 , (a2d2)4, (c2d2)3, d2a2d2b2a2, c2a2c2b2,
p, q p2, q2, (pq)2, a1c1c2a2, d1p,d2q
〉
,
and a quick investigation with the computer package quotpic [2] shows that the group
contains an index 96 subgroup (among many others isomorphic to Z3.
The angles at the corners of the diagram are 6 (S4;Z4,Z2)= pi/3 and 6 (D4;Z2,Z2)=
pi/2, so as a triangle of groups, FA3 is not non-positively curved; it is, nonetheless,
developable because it maps onto a finite group into which the vertex groups inject and
infinite by inspection.
The geometry of the situation is seen clearly by examining the developing complex X3
of FA3. To obtain X3, start with the 2-skeleton of the 3-complex obtained by dividing R3
into unit cubes and then divide each square face into four congruent pi/2, pi/4, pi/4
triangles. (These angles are the geometric angles in R3.)
3. The general construction
Seen from the geometric perspective, the fact that there is a spherical triangle of groups
which is virtually Z3 is a consequence of the fact that the 3-torus has a fundamental domain
with suitably symmetric 2-skeleton. This observation is readily generalized into the desired
result:
Theorem. Given k ∈ Z+,3 < k, there exists a triangle of finite groups which is
virtually Zk .
Proof. Form a 2-complexXk by starting with the 2-skeleton of the subdivision of Rk into
unit hypercubes and subdividing each face into eight congruent pi/2, pi/4, pi/4 triangles.
Fix a base hypercubeH in Xk . The action of the symmetry groupΣk of the subdividedH
is transitive on 2-simplices, and this action extends to an action on all of Rk preservingXk .
Moreover,Zk acts transitively on the hypercubes inXk with quotient a single 2-simplex, so
the subgroup of the affine group FAk = 〈Σk,Zk〉 acts transitively on the 2-simplices of Rk
with quotient a single 2-simplex. The stabilizers of cells are finite, so FAk has the structure
of a triangle of finite groups. 2
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